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Abstract
In this paper, we define the v-finiteness for a length function Lv on the set of all v-ideals of an integral domain R and show
that R is a Krull domain if and only if every proper integral v-ideal of R has v-finite length and Lv((AB)v) = Lv(A) + Lv(B)
for every pair of proper integral v-ideals A and B in R. We also give Euclidean-like characterizations of factorial, Krull, and
pi -domains. Finally we define the notion of quasi-∗-invertibility and show that if every proper prime t-ideal of an integral domain
R is quasi-t-invertible, then R is a Krull domain.
c© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
Let R be an integral domain with quotient field K . Let F(R) denote the set of nonzero fractional ideals of R.
A ∗-operation (star operation) on R is a mapping A 7→ A∗ from F(R) to F(R) which satisfies the following
conditions for all a ∈ K − {0} and A, B ∈ F(R): (1) (a)∗ = (a) and (aA)∗ = aA∗, (2) A ⊆ A∗; if A ⊆ B,
then A∗ ⊆ B∗, and (3) (A∗)∗ = A∗. For details on star operations, the reader may consult [8, sections 32 and 34].
Yet for our purposes, we include some of the notions. An A ∈ F(R) is called a ∗-ideal if A∗ = A and a ∗-ideal
of finite type if A = B∗ for some finitely generated fractional ideal B. Recall that the function on F(R) defined by
A → (A−1)−1 = Av is a star operation called the v-operation. The t-operation on R is the star operation defined
by A → At = ∪{Jv|J ⊆ A with J ∈ F(R) finitely generated}. The identity mapping on F(R) is obviously a star
operation; it is called the d-operation. Given a star operation ∗, we have (AB)∗ = (A∗B∗)∗ for all A, B ∈ F(R).
This equation is said to define the ∗-multiplication. An A ∈ F(R) is said to be ∗-invertible if there exists a B ∈ F(R)
such that (AB)∗ = R. In this case, we have B∗ = A−1. For any star operation ∗ and for any A ∈ F(R), we have
A ⊆ A∗ ⊆ Av , and hence (A∗)v = Av . In particular, a v-ideal is a ∗-ideal for any ∗, and if A is ∗-invertible, then
A is v-invertible. For the purpose of our study (defining t-dimension), we include {0} as a prime t-ideal (although,
technically, it is not).
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In Section 2, we define the v-finiteness for a length function Lv on the set of all v-ideals of an integral domain
R and show that R is a Krull domain if and only if every proper integral v-ideal of R has v-finite length and
Lv((AB)v) = Lv(A) + Lv(B) for every pair of proper integral v-ideals A and B in R. In Section 3, we also give
Euclidean-like characterizations of Dedekind, factorial, Krull, and pi -domains. In the final section, we define the notion
of quasi-∗-invertibility and show that if every proper prime t-ideal of an integral domain R is quasi-t-invertible, then
R is a Krull domain.
Throughout this paper, N, Z+, and Q+ denote the natural numbers, the positive integers, and the positive rational
numbers respectively.
2. ∗-Length functions
Let ∗ be a star operation on an integral domain R and let A be a proper integral ∗-ideal of R. Set S to be the set of
all positive integers n obtained by taking the lengths of all possible finite chains of ∗-ideals
A ⊂ A1 ⊂ A2 ⊂ · · · An = R, where A 6= A1 and Ai 6= Ai+1
for i = 1, 2, . . . , n − 1. We say that A has ∗-finite length in case the set S is finite and in this case, the largest integer
in S will be called the ∗-length of A and denoted by L∗(A). It was shown in [4, Lemma 5] that if every proper ideal
in R has (d-)finite length, then R is Noetherian.
The following example, which is a slight modification of one of Nagata’s bad Noetherian rings [13, pp. 203], shows
that the converse of the above statement is false in general.
Example 2.1. Let K be a field, {X, X11, X21, X22, X31, X32, X33, . . . , Xn1, Xn2, . . . , Xnn, . . .} be a set of indetermi-
nates over K , R = K [X, X11, X21, X22, X31, X32, X33, . . . , Xn1, Xn2, . . . , Xnn, . . .], Pn = (X, Xn1, Xn2, . . . , Xnn)
for each n ≥ 1, and S = R \⋃∞i=1 Pi . Then RS is a Noetherian domain, but has an ideal of infinite length.
Proof. It is obvious that the ideal XRS has an infinite length. Thus it remains to show that RS is Noetherian. By
Cohen’s theorem, we have only to show that each (nonzero) prime ideal of RS is finitely generated. Let Q be a
nonzero prime ideal of RS and P = Q∩ R. Then Q = PRS . If P ⊆ XR, then Q = PRS = XRS is finitely generated
since ht (XR) = ht (XRS) = 1. Assume that P 6⊆ XR, and let f ∈ P \ XR. Then the number of maximal ideals of
RS containing f is finite. For if f ∈ K [X, X11, X21, X22, X31, X32, X33, . . . , Xn1, Xn2, . . . , Xnn], then f 6∈ Pk , and
hence f 6∈ PkRS for all k > n because X and X i j ’s are indeterminates over the field K . Let I be a finitely generated
ideal of R such that f ∈ I, I ⊆ P , and I RPi = PRPi = (PRS)Pi RS for i = 1, . . . , n (note that RPi is Noetherian).
Then since I RPi = RPi = PkRPi for all i > n and k = 1, . . . , n, we have I RS = PRS , and thus Q = PRS is finitely
generated. 
Definition 2.2. Let ∗ be a star operation on an integral domain R. Then R is called a ∗-finite length domain (for short,
∗-FLD) if every proper integral ∗-ideal of R has ∗-finite length.
Recall that an integral domain R is called a Mori domain if R satisfies the ascending chain condition on v-ideals
[9, pp. 275]. It is well-known that R is a Krull domain if and only if R is a completely integrally closed Mori domain.
The following lemma shows that the class of v-FLDs is contained in the class of Mori domains.
Lemma 2.3. If R is a v-FLD, then R is a Mori domain.
Proof. Let a1 6= 0 be an element of the proper integral v-ideal A. If A = (a1), then A is v-finite. If A 6= (a1),
let a2 ∈ A \ (a1). If A = (a1, a2)v , then A is v-finite. If A 6= (a1, a2)v , then let a3 ∈ A \ (a1, a2)v . The chain of
v-ideals (a1) ⊂ (a1, a2)v ⊂ (a1, a2, a3)v ⊂ · · · must terminate since (a1) has v-finite length, and it follows that A is
v-finite. 
We strongly believe that the class of v-FLDs is properly contained in the class of Mori domains. However, we
cannot find an example which is a Mori domain, but not a v-FLD.
Theorem 2.4. Let R be a v-FLD such that Lv((AB)v) = Lv(A) + Lv(B) for every pair of proper integral v-ideals
A and B in R. If A and B are proper integral v-ideals in R such that A ⊂ B, then there exists a proper integral ideal
C such that A = (BC)v .
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Proof. We first prove the assertion in the case that B = (A, b)v , where b 6∈ A. Set C = (A :R b). Then C is a
proper integral v-ideal of R and (BC)v ⊆ A. Hence Lv((BC)v) = Lv(B) + Lv(C) ≥ Lv(A). In order to prove that
(BC)v = A, it is sufficient to prove that Lv(A) ≥ Lv((BC)v) = Lv(B)+ Lv(C).
Let
C ⊂ (C, x1)v ⊂ (C, x1, x2)v ⊂ · · · ⊂ (C, x1, . . . , xn)v = R (1)
be a strictly increasing sequence of v-ideals from C to R. We will show that the sequence
A ⊂ (A, bx1)v ⊂ (A, bx1, bx2)v ⊂ · · · ⊂ (A, bx1, . . . , bxn)v (2)
is a strictly increasing sequence of v-ideals each contained in B. It will follow from this that Lv(A) ≥ Lv(B)+ Lv(C)
and therefore A = (BC)v .
Since B = (A, b)v , it is clear that each of the v-ideals in the sequence (2) is contained in B. If A = (A, bx1)v , then
bx1 ∈ A and it follows from the definition of C that x1 ∈ C . Hence C = (C, x1)v and the sequence (1) is not strictly
increasing. A standard induction argument completes the first case.
Now let A and B be any two proper integral v-ideals in R such that A ⊂ B. By Lemma 2.3, B is v-finite and
consequently, there exist elements b1, b2, . . . , bm such that
A ⊂ (A, b1)v ⊂ (A, b1, b2)v ⊂ · · · ⊂ (A, b1, . . . , bm)v = B.
Applying the result obtained above in the first part of this proof, we obtain a v-ideal C1 such that A =
((A, b1)vC1)v . There is a v-ideal C2 such that (A, b1)v = ((A, b1, b2)vC2)v = ((A, b1, b2)C2)v . Therefore,
A = ((A, b1, b2)(C1C2)v)v . From a standard induction argument, it follows that there exists a v-ideal C such that
A = (BC)v . 
Let ∗ be a star operation on an integral domain. Recall from [2] that an ideal N of R is called ∗-nonfactorable if it
is a proper ∗-ideal and N = (AB)∗, where A and B are ideals of R, implies that either A∗ = R or B∗ = R. Then R is
called a ∗-factorable domain if each proper ∗-ideal is a ∗-product of ∗-nonfactorable ideals. Also, R is called a unique
∗-factorable domain if each proper ∗-ideal can be factored uniquely into a ∗-product of ∗-nonfactorable ideals. In [2],
it was shown that R is a unique t-factorable (resp., (d-)factorable) domain if and only if R is a Krull (resp., Dedekind)
domain.
Corollary 2.5. Let R be a v-FLD such that Lv((AB)v) = Lv(A)+ Lv(B) for every pair of proper integral v-ideals
A and B in R. If N is a t-nonfactorable ideal of R, then N is a maximal t-ideal.
Theorem 2.6. Let R be an integral domain. The R is a Krull domain if and only if R is a v-FLD and Lv((AB)v) =
Lv(A)+ Lv(B) for every pair of proper integral v-ideals A and B in R.
Proof. (⇒): Let R be a Krull domain. Note that v = t (since R is a Krull domain). Then by [2, Theorem 12], R
is a unique v-factorable domain. Let A be a proper integral v-ideal of R, and so A = (N1N2 · · · Nn)v for some
v-nonfactorable ideals N1, N2, . . . , Nn . It is easy to see that Lv(A) = n and Lv satisfies all conditions.
(⇐): Let A be a proper integral t-ideal of R. By Lemma 2.3, R is a Mori domain and so v = t . If A is t-nonfactorable,
then it follows from Corollary 2.5 that A is maximal t-ideal of R. If A is not t-nonfactorable, then there exist proper
integral t-ideals A1 and A2 such that A = (A1A2)t . Since Lv((A1A2)v) = Lv(A1) + Lv(A2) and v = t , it follows
easily that A is a t-product of t-nonfactorable ideals. By Corollary 2.5 again, t-nonfactorable ideals are maximal
t-ideals (and hence, prime t-ideals). Suppose that A = (N1N2 · · · Nr )t = (N ′1N ′2 · · · N ′s)t , where each Ni , N ′j is
t-nonfactorable. Then we have N j ⊆ N ′1 for some j , say j = 1. Thus N1 = N ′1. Let 0 6= x ∈ N1. Then by
Theorem 2.4 there exists a t-ideal Q such that x R = (N1Q)t . Hence (QN1N2 · · · Nr )t = (QN1N ′2 · · · N ′s)t , and
so (xN2 · · · Nr )t = (xN ′2 · · · N ′s)t . Thus (N2 · · · Nr )t = (N ′2 · · · N ′s)t . A standard induction argument completes the
proof of the uniqueness. Hence by [2, Theorem 12] R is a Krull domain. 
Remark 2.7. The proof of (⇐) of Theorem 2.6 can be given using Theorem 2.4 and the fact that R is a Krull domain
if and only if each prime t-ideal of R is t-invertible [10, Theorem 3.6].
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3. Euclidean-like characterizations
In [14,15], Queen gave Euclidean-like characterizations of Dedekind, Krull, factorial domains as follows. Let
F(R)+ denote the set of all nonzero integral ideals of R. Then F(R)+ forms a semigroup with identity R under usual
ideal multiplication. Among other things, it was shown in [14, Theorem 2] that the integral domain R is a Dedekind
domain if and only if there is a map N : F(R)→ Q+ satisfying the following properties:
1. N (I J ) = N (I )N (J ) for all I, J ∈ F(R).
2. N (F(R)+) ⊆ Z+.
3. For I ∈ F(R)+, N (I ) = 1 if and only if I = R.
4. Given I ∈ F(R)+ such that I 6= R there exists J ∈ F(R) with I J ∈ F(R)+ and N (I J ) < N (I ).
Characterizations of Krull domains and factorial domains were given in a similar fashion [14, Theorem 4, Theorem 5]
withD(R), the set of all v-ideals of R, replacing F(R). Recall that an integral domain R is pi -domain if each (proper)
principal ideal is a finite product of prime ideals [8, pp. 572]. In this section, we give Euclidean-like characterizations
of Dedekind, Krull, factorial, pi -domains using a similar method as in [12, Theorem 3.33] and results in [10,2].
Theorem 3.1. An integral domain R is a PID (resp., Dedekind domain) if and only if there exists a (length) function
f : F(R)+ → N ∪ {0}, such that both of the following conditions hold.
(a) If I ⊆ J , then f (J ) ≤ f (I ) with f (I ) = f (J ) if and only if I = J .
(b) If I and J are nonzero ideals of R such that I 6⊆ J and J 6⊆ I , there exist ideals A, B,C of R such that
C = AI + BJ , C is principal (resp., invertible), and f (C) < min{ f (I ), f (J )}.
Proof. If R is a PID (resp., Dedekind domain), then let f (I ) be the number of nonfactorable ideals in a factorization
of I . This number is unique by [2, Theorem 5], and so f is well-defined. Then condition (a) is immediate. Condition
(b) is achieved by letting C = gcd(I, J ) := I + J and A = B = R.
Conversely, if f is given and I is a nonzero proper ideal of R, then let a(n) principal (resp., invertible) sub-ideal
J of I be chosen such that f (J ) is a minimum. We show that I = J . Suppose that J is a proper sub-ideal of I and
let α ∈ I such that α 6∈ J . Therefore, by condition (a), J 6⊆ (α) since f (J ) ≤ f (αR) (by the minimality). Thus, by
condition (b), there exist ideals A, B, and C of R such that C = AJ + Bα (⊆ I ), C is principal (resp., invertible),
and f (C) < min{ f (J ), f (αR)} = f (J ), a contradiction. Hence, I = J is principal (resp., invertible). 
Let T (R)+ denote the set of all (integral) t-ideals of R. It was shown in [10, Theorem 3.6, Theorem 4.4] that R is
a UFD (resp., pi -domain, Krull domain) if and only if every t-ideal is principal (resp., invertible, t-invertible). Several
other characterizations of pi -domains are given in [1,10].
Theorem 3.2. An integral domain R is a UFD (resp., pi -domain, Krull domain) if and only if there exists a (length)
function f : T (R)+ → N ∪ {0}, such that both of the following conditions hold.
(a) If I, J ∈ T (R)+ with I ⊆ J , then f (J ) ≤ f (I ) with f (I ) = f (J ) if and only if I = J .
(b) If I, J ∈ T (R)+ such that I 6⊆ J and J 6⊆ I , there exist t-ideals A, B,C of R such that C = (AI + BJ )t , C is
principal (resp., invertible, t-invertible), and f (C) < min{ f (I ), f (J )}.
Proof. If R is a UFD (resp., pi -domain, Krull domain), then let f (I ) be the number of t-nonfactorable ideals in a
t-factorization of I , for each I ∈ T (R)+. This number is unique by [2, Theorem 12], and so f is well-defined. Then
condition (a) is immediate. Condition (b) is achieved by letting C := (I + J )t and A = B = R.
Conversely, if f is given and I ∈ T (R)+, then let a(n) principal (resp., invertible, t-invertible) sub-t-ideal J of I
be chosen such that f (J ) is a minimum. We show that I = J . Suppose that J is a proper sub-t-ideal of I and let
α ∈ I such that α 6∈ J . Therefore, by condition (a), J 6⊆ (α) since f (J ) ≤ f (αR). Thus, by condition (b), there
exist t-ideals A, B, and C of R such that C = (AJ + Bα)t (⊆ I ), C is principal (resp., invertible, t-invertible), and
f (C) < min{ f (J ), f (αR)} = f (J ), a contradiction. Hence, I = J is principal (resp., invertible, t-invertible). 
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4. Quasi-∗-invertibility
In [11], Krull defines a prime ideal P to be quasi-invertible provided PP−1 ⊃ P . In [3], Butts showed that if every
proper prime ideal of R is quasi-invertible, then R is a Dedekind domain. In this section, we generalize the notion of
quasi-invertibility for prime ideals to arbitrary star operations and any (nonzero) ideals. Analogously to Butts’ result,
we may also characterize Krull domains.
Definition 4.1. Let ∗ be a star operation. A proper ideal I is said to be quasi-∗-invertible if (I I−1)∗ ⊃ I∗.
We mention that a different definition of quasi-∗-invertibility appeared recently in the literature, in case of semistar
operations ∗ (cf., [7]). It is easy to see that quasi-invertibility implies quasi-∗-invertibility for any star operation ∗.
In the case ∗ = d , we say that a quasi-d-invertible ideal is just a quasi-invertible ideal. An ideal I is called a trace
ideal (or a strong ideal) if I is a trace of some R-module. Note that I is a trace ideal if and only if I I−1 = I ; or
equivalently, if I−1 = (I : I ). As pointed out in [6], being a trace ideal and being invertible are at the opposite ends
of the spectrum for an ideal I . Thus being quasi-invertible is not being a trace ideal.
The following example shows that quasi-invertibility does not imply invertibility in general.
Example 4.2 ([6, Example 3.1.15]). Let R be a two-dimensional Pru¨fer domain with maximal ideals M1,M2, and P
be a (unique) height one prime ideal contained in M1 ∩ M2. Also assume that RP is a DVR. Set I = PRM1 ∩ x RM2 ,
where PRP = x RP for some x ∈ P . Note that I ⊆ P . It is shown in [6, Example 3.1.15] that I−1 is a ring and
I−1 6= (I : I ) (and so I is quasi-invertible). It is easy to show that I is not invertible.
Lemma 4.3 ([9, Theorem 13.2]). If P is a t-invertible prime t-ideal of R, then
⋂
n≥1(Pn)t is a prime t-ideal.
The following result is a t-analogue of [3, Theorem] for Krull domains.
Theorem 4.4. The following statements are equivalent for an integral domain R.
(1) R is a Krull domain.
(2) Every proper integral t-ideal of R is quasi-invertible.
(3) Every proper prime t-ideal of R is quasi-invertible.
(4) Every proper integral t-ideal of R is quasi-t-invertible.
(5) Every proper prime t-ideal of R is quasi-t-invertible.
Proof. (1)⇔ (2)⇔ (3). [5, Theorem 2].
(1)⇒ (4). Let I be a proper integral t-ideal of R. Then (I I−1)t = R [10, Theorem 3.6], and thus I ⊂ (I I−1)t .
(4)⇒ (5). Clear.
(5) ⇒ (1). If R is a field, then there is nothing to prove. Let M be an arbitrary maximal t-ideal of R. Since M is
a quasi-t-invertible maximal t-ideal of R, we have (MM−1)t = R, i.e., M is t-invertible. Therefore, the maximal
t-ideal MRM is t-invertible in RM . By the Lemma 4.3,
⋂
n≥1((MRM )n)t is a prime t-ideal of RM ; therefore, there
is a prime t-ideal P ⊂ M ⊂ R such that PRM = ⋂n≥1((MRM )n)t . Suppose that P 6= 0. If (PP−1)t 6⊂ M ,
then (PP−1)t RM = RM and it follows that the prime t-ideal PRM is t-invertible. If (PP−1)t ⊂ M , then there
exists a positive integer n such that (PP−1)t ⊂ (Mn)t and (PP−1)t 6⊂ (Mn+1)t since (PP−1)t ⊃ P . Since M
(and hence (Mn)t ) is t-invertible, there exists a t-ideal Q of R such that (QMn)t = (PP−1)t and Q 6⊂ M . Hence
(PP−1RM )t = ((QMn)t RM )t = (QMnRM )t = (MnRM )t . This implies that the prime t-ideal PRM is t-invertible.
Thus, in either case, the prime t-ideal PRM is t-invertible, which is a contradiction: it is clear that a t-invertible prime
t-ideal cannot properly contain another t-invertible prime t-ideal. It follows that P = 0 and therefore RM is an integral
domain in which prime t-ideals are maximal t-ideals. Hence prime t-ideals of R are maximal t-ideals and therefore
prime t-ideals are t-invertible. It follows that R is a Krull domain. 
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